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Abstract
In this paper we show that there are chainable non-homeomorphic continua X and Y such that the
respective hyperspaces of subcontinua C(X) and C(Y ) are homeomorphic. This answers a question
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1. Introduction
A continuum is a compact connected metric space. For a continuum X, let C(X) denote
the space of all the subcontinua of X, with the Hausdorff metric. The members of a class
of continua Λ are said to be C-determined [5, Definition 0.61] provided that if X,Y ∈Λ
and C(X) ∼= C(Y ) (C(X) is homeomorphic to C(Y )), then X ∼= Y . The members of the
following classes of continua are known to be C-determined:
(a) finite graphs different from an arc [2, 9.1],
(b) hereditarily indecomposable continua [5, 0.60],
(c) smooth fans [3, Corollary 3.3], and
(d) indecomposable continua such that all their proper nondegenerate subcontinua are
arcs [4].
In [5, Questions 0.62] Nadler asked if the members of the class of chainable continua
are C-determined. In this paper we answer this question in the negative and we construct
an uncountable family of pairs of chainable continua F = {(XS,YS): S ∈ J } such that
(a) for each S ∈ J, C(XS)∼= C(YS) and XS  YS , and
(b) if S 6= T , then XS XT and YS  YT .
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2. Preliminary results
Definition 1 (Kuratowski). A continuum X which is irreducible between two points p
and q is said to be of type λ provided that there is a monotone mapping γ :X→ [0,1]
such that γ (p)= 0, γ (q)= 1 and intX(γ−1(t))= ∅ for each t ∈ [0,1]. The mapping γ is
called canonical, and the sets Tt = γ−1(t) are called layers of X. Let X be a irreducible
continuum of type λ. For each t ∈ [0,1], define
Lt =
⋃{
Ts : s ∈ [0, t)
}= γ−1([0, t)) and
Rt =
⋃{
Ts : s ∈ (t,1]
}= γ−1((t,1]).
A continuum X is of type λ if X is irreducible between two points p and q , X is
of type λ, T0 = {p}, T1 = {q} and for every layer Tt , with 0 < t < 1, Tt ⊂ clX(Lt ) and
Tt ⊂ clX(Rt ).
Some ideas of the following theorem were inspired in Propositions 1, 3 and 4 of [1].
Theorem 2. Let X be a continuum of type λ, where p and q are the points of
irreducibility for X. Suppose that Y = α ∪ X is a continuum, where α is an arc joining
a point a to p and α ∩X = {p}. Then C(X) and C(Y ) are homeomorphic.
Proof. Before defining the homeomorphism between C(X) and C(Y ), we will need some
auxiliary constructions.
Denote by E2 the Euclidean plane. Let γ :X→ [0,1] be a canonical map for X. Let
ρ :α→ [−1,0] be a homeomorphism such that ρ(a) = −1 and ρ(p) = 0. Let Π be the
common extension of γ and ρ to Y . That is, let Π :Y →[−1,1] be the map defined by:
Π(y)=
{
ρ(y) if y ∈ α,
γ (y) if y ∈X.
Clearly, Π is a monotone continuous function.
For each A ∈ C(Y ), define
m(A)=min (Π(A)) and M(A)=max (Π(A)).
Then m and M are continuous.
Define
A= {A ∈C(Y ): M(A)> 2m(A)}.
Let R be the convex quadrilateral in E2 whose vertices are the points (−1,−1), (−1,1),
( 12 ,1) and (0,0). Define φ :A→R by φ(A)= (m(A),M(A)). We will show that φ is a
homeomorphism.
First, we will show that φ(A) ∈R, for everyA ∈A. LetA ∈A. We consider three cases:
(a) if M(A)6 0, then φ(A) is in the triangle whose vertices are (−1,−1), (−1,0) and
(0,0), which is contained in R;
(b) if m(A) 6 0 6 M(A), then φ(A) is in the square [−1,0] × [0,1], which is also
contained in R; and
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(c) if 06m(A), then φ(A) is in the triangle whose vertices are the points (0,0), (0,1)
and ( 12 ,1), which is also contained in R.
Hence Imφ ⊂R.
Clearly, A is a compact subset of C(Y ) and φ is continuous. Given (s, t) ∈R, notice
that t > 2s, −16 s and t 6 1. Let A=Π−1([s, t]). Since Π is monotone and surjective,
A ∈C(Y ) and φ(A)= (s, t). This proves that φ is surjective.
Now, suppose that A ∈A and Π(A)= [s, t], where s =m(A) and t =M(A). In order
to prove that φ is one-to-one, it is enough to show that A=Π−1([s, t]). We consider four
cases:
(1) If t 6 0, then A⊂ α. Since ρ is one-to-one, A=Π−1([s, t]).
(2) If 0 6 s and 0 < t . Since 2s 6 t , it follows that s < t . Consider the set B =
Π−1([0, s])∪A∪Π−1([t,1]). Notice thatB is a subcontinuum ofX which contains
p and q . ThusB =X. This implies thatΠ−1((s, t))⊂A. Since s < t, Ts ⊂ clX(Rs)
and Tt ⊂ clX(L), we conclude that A=Π−1([s, t]).
(3) If s < 0 < t , then p ∈ A, so A ∩ X is a subcontinuum of X which contains p
and t = M(A) = M(A ∩ X). By the case (2), A ∩ X = Π−1([0, t]). Similarly,
A∩ α =Π−1([s,0]). Hence, A=Π−1([s, t]).
Hence φ is one-to-one.
Therefore, φ is a homeomorphism.
Now, define
B = {A ∈C(X): M(A)> 2m(A)}=A ∩C(X).
Let T be the triangle in E2 whose vertices are the points (0,1), ( 12 ,1) and (0,0). Define
ψ = φ|B :B→ T .
Then ψ is a homeomorphism.
Let S be the segment in E2 which joins the points (0,0) and ( 12 ,1). Since R and T
are homeomorphic to a 2-cell and S is a segment in their boundaries, then there exists a
homeomorphism g :R→ T such that g(z)= z for every z ∈ S .
We are ready to define the homeomorphism between C(Y ) and C(X). Define
f :C(Y )→C(X) by:
f (A)=
{
ψ−1(g(φ(A))) if A ∈A,
A if A /∈A.
It is easy to check that f is surjective. In order to prove that f is continuous, take
A ∈ BdC(Y )(A). Then M(A) = 2m(A). This implies that 0 6 m(A), then A ⊂ X and
φ(A) ∈ S . Thus ψ−1(g(φ(A))) = ψ−1(ψ(A)) = A. Hence f is the identity map in
ClC(Y )(C(Y ) − A) and then f is continuous in A and in ClC(Y )(C(Y ) −A). Therefore
f is continuous. This completes the proof of the theorem. 2
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3. Examples
Example 3. Given two subsets A, B of E2 and a real number s, let A+ B = {a + b ∈
E2: a ∈ A and b ∈ B}. Let Z be the set of integer numbers and N the set of positive
integers. Let ρ :E2→E1 be the projection on the first coordinate.
Define
Z0 =
{(
2pis, sin 1
s
) ∈E2: 0< s 6 12pi } ∪ {(2pis, sin 1s ) ∈E2: −12pi 6 s < 0}
∪ ({0} × [−1,1]).
For each integer k, define
Zk =
{
(4k,0)
}+ {(s, 1|k|+1 t) ∈E2: (s, t) ∈Z0}.
Define
Z =
(⋃{[4k− 3,4k− 1] × {0} ⊂E2: k ∈ Z})∪ (⋃ {Zk: k ∈ Z}).
Let h :R→ (0,1) be a homeomorphism.
Finally define
X = {(0,0), (1,0)}∪ {(h(s), t): (s, t) ∈ Z}.
Clearly, X is a chainable continuum with the property that X is irreducible between the
points p = (0,0) and q = (1,0), andX is of type λ, with canonical map γ = ρ|X. Define
Y = ([−1,0] × {0}) ∪X. Then X is not homeomorphic to Y and by Theorem 2, C(X) is
homeomorphic to C(Y ).
Therefore, chainable continua are not C-determined.
In the following example we modify Example 3 to obtain uncountable many pairs of
examples with similar properties. The idea of the modification was suggested to me by
Charatonik.
Example 4 (Charatonik). Let J be the power of N. That is J = {S: S ⊂ N}. For each
S ∈ J , define
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WS =
(⋃{[4k− 3,4k− 1] × {0} ⊂E2: k ∈ Z− (S ∪ {0})})
∪
(⋃
{Zk: k ∈ Z}
)
∪
(⋃{{(
(4k− 2)+ (2s − 1), 1|k|+1 t
) ∈E2: (s, t) ∈X}⊂E2:
k ∈ S ∪ {0}
})
.
Now, define
XS =
{
(0,0), (1,0)
}∪ {(h(s), t): (s, t) ∈WS}
and
YS =XS ∪
([−1,0] × {0}).
Using Theorem 2, it is easy to show that for each S ∈ J , XS and YS are non-
homeomorphic continua such that:
(a) for each S ∈ J , C(XS)∼= C(YS) and XS  YS , and
(b) if S 6= T , then XS XT and YS  YT .
Remark and question 5. Let X be a continuum of type λ, where p and q are the
points of irreducibility for X. Applying Theorem 2, we can obtain at most four non-
homeomorphic chainable continua with the same hyperspace. Namely,
(i) X,
(ii) X with a segment attached at the point p,
(iii) X with a segment attached at the point q , and
(iv) X with two segments attached, one at the point p and one at the point q.
So, it is natural to ask the following question:
Are there five non-homeomorphic chainable continua with homeomorphic hyper-
spaces (of subcontinua)?
Question 6 [5, Questions 0.62]. Is the class of circle-like continua C-determined? What
about the class of fans?
Note added in proof. Recently the author has shown that the class of fans is not C-
determined and G. Acosta has proved that the class of metric compactifications of [0,∞)
is C-determined.
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